A kinetic theory for the frequency-dependent shear viscosity η(ω) of isotropic fluids, composed of non-spherical hard convex bodies, is extended in two ways. Firstly, the theory is reformulated to allow η(ω) to be expressed directly in terms of matrix elements involving the shear stress tensor rather than in terms of the transverse momentum correlation function. Secondly, relaxation of the antisymmetric component of the stress, due to coupling with spin angular momentum, is explicitly incorporated; this corrects an error in a previous version of the theory. The revised kinetic theory is compared with computer simulations for hard ellipsoids of revolution of axial ratio 2, 3, 5 and 10. Both the symmetric and antisymmetric contributions to η(ω) are well reproduced. Coupling with the collective molecular second-rank orientation tensor remains an important factor in determining the variation of η(ω) from high to low frequencies; the prediction of the magnitude of the associated dip in η(ω) is significantly improved. The new version of the theory is also more successful in predicting values of the zero-frequency shear viscosity η, the shear-orientation coupling parameter R, and the Stokes-Einstein (-Debye) products D s η and D r η.
Introduction
In a recent comparison of molecular dynamics simulation results for hard ellipsoids of revolution with the predictions of kinetic theory [1] it was shown that coupling between the stress tensor and the collective molecular second-rank orientation tensor plays a significant role in the frequency dependence of the shear viscosity η(ω). For a range of molecular elongations and densities, this function shows a pronounced dip at typical molecular rotation frequencies; a related dip in depolarized light scattering spectra [2] is generally interpreted as a signature of shear-orientation coupling [3] [4] [5] in dense liquids. Although the range of validity of the kinetic theory is limited by the independent binary collision assumption, computer simulations showed that the approximate location and magnitude of the dip, plus the value of the zero-frequency transport coefficient η, are quite well predicted for many systems, as long as this coupling is included [1] .
The purpose of this paper is twofold. Firstly, as usually formulated, the viscosity is extracted from the kinetic theory by examining the predicted form of the transverse momentum correlation function at small but non-zero wave-vector k. This necessitates retention of k-dependence throughout the calculation of matrix elements, which is slightly cumbersome and requires some care in taking the low-k limit. In principle, equivalent results should be given by expressions for the shear stress autocorrelation function, at k = 0. This approach was used, for zero-frequency transport coefficients, by Cole et al. [6, 7] . In this paper, we reformulate the theory in this way, avoiding the introduction of k-dependence, and arriving at expressions for the frequency-dependent shear viscosity; however we note that some care must be taken with the zero-time (infinite-frequency) contribution to η. Secondly, we note that this exposes an error in the derivation of Ref. [1] , associated with an inconsistency in the treatment of the antisymmetric component of the stress, which decays by coupling to the spin angular momentum. We correct this error, calculate the frequency-dependence of both symmetric and antisymmetric components of the stress autocorrelation function, and compare with simulation results. This quite significantly improves the agreement between simulation and theory.
The paper is laid out as follows. We give a short summary of the relations linking the viscosity with time correlation functions in section 2. Then we summarize the kinetic theory formalism, and give explicit expressions for hard ellipsoids of revolution, in section 3. Comparison of the theory with simulation results is made in section 4 and we draw some conclusions in section 5.
Shear viscosity and time correlation functions
For a system of molecules, expressions for the shear viscosity arise from the conservation law for transverse momentum, valid at low k,
We take k = (0, 0, k) to lie in the z-direction. The Fourier-transformed collective momentum density is p x (k) = j p jx exp(ikz j ), where p jx = mv jx is the total linear momentum of molecule j in the x-direction and z j the center-of-mass z-coordinate. We note that a similar equation applies to p y (k, t). σ zx (k, t) is a component of the stress tensor; henceforth we shall assume that k is sufficiently low that σ zx may be given by its zero-k form:
where f jx is a component of the total force acting on molecule j due to other molecules: j z j f jx = j<k z jk f jkx . We define the time-dependent, zero-k shear viscosity through the Einstein relation,
where V is the volume, T the temperature, k B Boltzmann's constant, and
When we insert this expression into Eq. (2) and carry out the indicated differentiation, we obtain
Since the stress tensor correlation function is temporally stationary,
whereσ zx is the time-reversed stress tensor. Now on changing the integration variables, we obtain
with a frequency-dependent analogue,
When smooth differential potentials are used, the stress tensor is even under time reversal and the distinction made between σ zx andσ zx above is superfluous. For hard body systems, it is critical to maintain the full expression for η retaining the proper time reversal characteristics of the stress, as we shall see below.
These equations are consistent with the following definition of η(t), in terms of the momentum correlation function C p (k, t) ≡ p x (−k)p x (k, t) , valid at low k:
where ρ is the number density. Hence
All of these equations lead to consistent definitions of the transport coefficient
It is important to realize that equally valid equations, leading to the same value of η but different time/frequency dependence, result from alternative definitions of the stress and corresponding variables. In particular, as discussed elsewhere [8, 9] it is always possible to use a symmetrized stress tensor and corresponding Einstein variable. At low k it is sufficient to define
with similar expressions for the zy case. The corresponding momentum is p sym x (k, t) = p x (k, t) + 1 2 ikS y where S y is a component of the total intrinsic molecular spin angular momentum:
I being the moment of inertia (we consider only linear rotors here) and Ω j the angular velocity of molecule j. Once more we assume that we may take the k → 0 limit in this equation, when it is easily shown thaṫ
zx . The momentum p sym x (k, t) obeys the correct conservation relation:
Further details appear in Appendix A of Ref. [9] .
Symmetry guarantees that σ zx σ zx (t) = σ sym zx σ sym zx (t) + σ ant zx σ ant zx (t) from which the appropriate Fourier-Laplace transforms give
It is easy to show that
Either η(ω) or η sym (ω) may be used to measure the frequency-dependent shear viscosity; η ant (ω) is not a shear viscosity, but measures the decay of antisymmetric stress through coupling with the spin. We return to this later.
Kinetic Theory
For any variable A, we writeȦ = iL (+) A where iL (±) is the forward or backward Liouville operator for the hard particle fluid,
iL has a free convective (streaming) part, iL s , and binary collision operator terms T ij . Since the explicit binary collision operator used in this study has been defined elsewhere [10] , we omit further discussion. The analysis of the shear viscosity is subtle. Its parent time correlation function,
has a delta function singularity at t = 0 and a set of gradual temporal decays for non-zero t. We address each of these behaviors separately.
To begin, consider the delta function portion. The time integral of C(t) over an infinitesimal interval around t = 0 is not zero and this fact can be used to establish the strength of the delta function. Namely, the time reversed stress tensor can be expressed as
and when we integrate this over an infinitesimal neighborhood around t = 0, we obtain
is propagated to a location infinitesimally outside the contact separation, then
The remaining nonsingular behavior of the stress tensor time correlation function can be expressed by an orthogonal function expansion of the system evolution operator,
Therefore,
and this is the formal expression that shall be used to determine the frequency dependent shear viscosity. The above equations apply equally well to the symmetrized variables σ sym zx and G sym zx , and these are the variables that are used to obtain the results below.
The calculation of the viscosity has two parts: the infinite-frequency limit, and the 'relaxing' portion of the stress tensor. The infinite-frequency part of the viscosity is merely a matrix element and we list the result
Here . . . c is a collisional average, Z the collision frequency, and D the rotation-translation energy transfer function defined in Ref. [1] . The relaxing portion of the stress tensor is described by means of set of functions having the same symmetry as the stress tensor. These functions are symmetric Cartesian second-rank tensors. For a fluid of nonspherical particles, we adopt three orthonormal functions to represent σ sym zx ,
based on components of the particle velocities v j and unit orientation vectors u j . g 2 is the static orientation correlation factor. The expansion is written σ
where
After some algebra, we find
Each of the chosen functions is of definite parity and hence the timereversed stress tensor follows directly. We shall also need matrix elements,
In the set of three functions, the ν matrix is antisymmetric with ν 23 = ν 33 = 0, and its non-zero elements are
The elements ν 22 and ν 44 are identical with the corresponding matrix elements in the stress-orientation theory of Ref. [1] , where definitions of the quantities x i , y i , h ′ i may be found. The non-vanishing α's are
where q η is given by Eq. (40) of Ref. [1] and
On this basis, we obtain
with
When ω = 0, we find the coupling to the shear modes vanishes and we are left with
which is identical to the result of Cole et al. [6, 7] , although in disagreement with that of Ref. [1] . The reason for this latter discrepancy is easy to see in the light of the analysis of the previous section. Tang et al. [1] identified η(ω) from the decay rate of the transverse momentum autocorrelation function, which is related to the total stress tensor, but included only symmetric variables in the coupling scheme. The omission of the collective spin density leaves no mechanism for the relaxation of antisymmetric stress. Recall the hydrodynamic equations for an isotropic fluid of nonspherical molecules,
These equations introduce the vortex viscosity η r . The relevant transverse components of these equations, with k = (0, 0, k), are
where Γ = 4η r /ρI is the spin decay constant. From this it is straightforward to show that
As a result of neglecting the spin density, the expression for the (symmetric) infinite-frequency shear viscosity of Ref. [1] actually corresponds to η sym ∞ + η r in the present work. To correct this error, it is only necessary to modify one matrix element in the previous theory [1] : ν 11 must be replaced by k 2 η sym ∞ /mρ derived in the present work. When this replacement is made, all of the formula of Ref. [1] are applicable (for the R parameter and τ c 2 ). To include the antisymmetric variables, Enskog kinetic theory was applied using the set (v, Ω). The results are consistent with the hydrodynamic equations and yield an expression for η r and Γ ,
This gives the desired expressions for relaxation of antisymmetric stress and allows us to predict η(ω), η sym (ω), and η ant (ω).
Results
The computer simulations were carried out exactly as described before [1] . Collision-by-collision molecular dynamics calculations were performed. Symmetric and antisymmetric contributions to the frequency-dependent shear viscosity were calculated by fitting to the time-dependent Einstein relations, separating the t = 0 behaviour related to the delta-function in the stress autocorrelation function, and computing the smoothly-varying parts by numerical differentiation and Fourier transformation. Full details are given in Ref. [1] . We give results here for prolate ellipsoids of revolution of axial ratio e = a/b = 2, 3, 5, and 10, at various densities ρ/ρ cp relative to that at close packing. Throughout, the temperature is formally set to k B T = 1. System sizes N = 512 were employed except for N = 500 at e = 10. Calculated zero-frequency shear viscosities, plus the infinite-frequency symmetric, antisymmetric, and total contributions, and the shear-orientation couppling parameter R, are all compared with kinetic theory in Table 1 . Discrepancies between η ∞ values are small, and due only to the use of the Song-Mason equation of state [11] to calculate the pair distribution function at contact, and hence estimate the collision frequency; the theory requires only molecular dimensions and density as input parameters. Table 1 Comparison of revised kinetic theory results with computer simulations. We report zero-frequency transport coefficients η, and infinitefrequency contributions (symmetric, antisymmetric and total), plus the R parameter. The full frequency dependence of the symmetric, antisymmetric and total contributions to the shear viscosity are given for each elongation in Figures 1-4 . For almost all elongations and densities, the position and magnitude of the dip in the frequency-dependent symmetric contribution η sym (ω) is well predicted. The improvement in prediction of the magnitude of this dip over the previous version of the theory [1] is very noticeable, and reflects the correction in the way the symmetric and antisymmetric contributions are handled.
The new predicted values of zero-frequency shear viscosity are lower than given by the previous theory, by 10-20% at lower elongations and by 50% for e = 10. These generally bring them into much closer agreement with the values obtained from simulation. Now most of the predicted values are within 10% of the simulation measurements, except for the very high density ρ/ρ cp = 0.7 for e = 2. The problematic nature of the e = 2 case shows itself in two ways, both attributable to the consequences of near-spherical shape. For hard spheres, the Enskog theory predicts less than one half of the full zero frequency viscosity at ρ/ρ cp = 0.7 [12] . This defect in the hard sphere kinetic theory is the result of the neglect of correlated collisions and we suspect that it is the reason for the shortcoming here as well. At the lowest density studied, ρ/ρ cp = 0.3, see Fig. 1 , the Enskog theory predicts oscillations in the frequency-dependent viscosity, which are not found in the MD simulations. Here the problem is one of the lack of a proper set of functions in the Enskog theory. In the present approach, we have selected a minimal set of basis functions suitable when orientation is a slow variable. As the molecule becomes more spherical, the present theory predicts that orientation relaxes at rates comparable to stress relaxation. This nonseparability of time scales shows itself in the presence of additional spectral features.
The predicted variation of the shear-orientation coupling parameter R with density for each elongation is compared with simulation results in Fig. 5 , and again shows a significant improvement over the previous theory. The general form of an increase with density towards a plateau value is as before, but now the plateau value itself increases with increasing elongation, the opposite trend to that shown before, and in agreement with the trend in simulation values.
Useful measures of the changeover from the low-density kinetic theory regime to the high-density hydrodynamic regime are provided by the Stokes-Einstein and Stokes-Einstein-Debye products D s η and D r η respectively, where D s is the self diffusion coefficient and D r the rotational diffusion coefficient. Simulation values for these quantities were reported before [1] and we compare with the current theory in Figs 6 and 7, along with the values predicted in the hydrodynamic limit with 'stick' and 'slip' boundary conditions. The reduction in predicted values of η has brought the theoretical curves into close agreement with simulation results almost everywhere, and the improvement is especially noticeable at high elongations.
Conclusions
We have re-examined the kinetic theory for the frequency-dependent shear viscosity η(ω) of isotropic fluids, composed of non-spherical hard convex bodies. We have reformulated this theory to allow η(ω) to be expressed directly in terms of matrix elements involving the shear stress tensor rather than in terms of the transverse momentum correlation function. This has revealed an error in the previous version of the theory, associated with relaxation of the antisymmetric component of the stress. The error is simply corrected, and we have presented a kinetictheory expression for the collective spin angular momentum relaxation rate, which yields the antisymmetric contribution to the viscosity at nonzero frequency, and brings the original formulation into line with the theory presented here. The revised kinetic theory is compared with computer simulations for hard ellipsoids of revolution of axial ratio 2, 3, 5 and 10. Both the symmetric and antisymmetric contributions to η(ω) are well reproduced. Coupling with the collective molecular second-rank orientation tensor remains an important factor in determining the variation of η(ω) from high to low frequencies, and the magnitude of the dip in η sym (ω) is now well represented by the theory. The frequency range over which the antisymmetric shear modes disappear is also reasonably reproduced. The new version of the theory agrees very well with simulation results for the zero-frequency shear viscosity η, and there is also a clear improvement in the predicted variation of the shear-orientation coupling parameter R with elongation and density. Examination of the Stokes-Einstein and Stokes-Einstein-Debye products confirms the accuracy of the theory and shows the changeover to the hydrodynamic picture at high densities and elongations. Finally, the revised version of the theory is in complete agreement, at zero frequency, with the original work of Cole et al. [6, 7] .
